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TECHNICAL REPORT R-4

STABILITY OF A HORIZONTAL FLUID LAYER WITH UNSTEADY HEATING

FROM BELOW AND TIME-DEPENDENT BODY FORCE

By AR.TtlUR _V. GOL1);'-;TFIN

SUMMARY

The ,_'lability oj" a horizo.lal lay:r of.flui,I /. a.
accelerated container heated u,l_._teadily .[rom belo_n

was i_re,stigated theoretically, as._'uming a_i im'om-

pres.s'ible fluid with, small der_sity chal_ge._' resulting

from heatb_g. The critical Rayleigh number._ ba,w'd

on the ocer-all density differential are much bighter

lAan.for lh.e static case, are depemleld ol_l!l on. the

density distribution and iw+tantal_eo!tu cahte of the

acceleration, and are il_depemleld q/I)ramttl num bar

and rate o[ cha_ige _L[ temperature aml bod!/.[oree
field. The itdtial motbm corre._'poml._' to approxi-

mateb./ the same call shape as .for th.e static ea,_e.

Rate of transitiol_ qf temperature perturbatbms.fr_m_
a stable to a_t ul_._'lable comlltio_l is proporli,mal l,,

the rate qf inerea._e <!fthe temperature gradield 'i_lthe

regim_ well "removed[roan the wal&; rate of tr_tn,_'ithm

qf the slow molion 'i.s proporlbmal to the 15'andl/

_tun_ber aml rate cj bwrease of tile body.force fidd.

INTRODUCTION

In devices that undergo tr.msien( heating am[

require transient, cooling, the use of li<lui(l heat

sinks has been suggesled. If a liquid conductor
is used 1o conduct heat, from t)eh)w 1o a sink .d)ove,

or if the sial< material is melted t)y al)l)lication of

heat from bah)w, so that in either case there exists

eventually a horizonlal layer of fluid, (hen an
mast able situalion arises because a, colder an(I

denser layer of fluid overhlys 'l hea(ed 'm(I l(,ss

dense layer in the gravitatimml tiehl. Tht,st,

layers tend to reverse their I)ositions, and the

circulatory motion that thus arises I)rovides a sub-
stantial increase in the effeclive heal comluction

I>y the flui(l. This motion does Hot begin immedi-

alely, and it is therefore of inter(,s( 1o timl at what

lime it does begin.

The relale(I l)rol)lem of shfl)ility of n, horizontal

layer with steady q,l_(l constant lem.l)eralm'e gradi-

(mr (arrived 'l( by very sh)w heating) hqs received

considerat)h' q.tlenlion sin('e (he origimd theoreti-

cal work of Rayh'igh (ref. 1 for free 1)oundavies.

l{(,ference 1 showed that, inslead of molion being

initialed whenever a coh| layer overlays a warm

laver, a certain critical feral)era lure difference is

required to overcome the viscous drag and the

h(:a( con(luclion (which acts to eliminate t,he mo-
lly(; force (hwivcd from (h(,rmal gradients. The

s(al)ilhy crileri(m is the value of the Rayh, igh mmt-
t)er h'a, which is equal to c/.t]+3pgA/#K. Jeff'vies

(refs. 2 and 3) obtained theoreti(.al resulls for

rigid, con(hwting 1)oun(hn'ies as well as free bound-
aries, while Pellew and Southwell (ref. 41) iml)roved

the ac(_uracy and among other results showed that

()nly n<)nos('ilhm>ry l)ert, urbations need I)e con-

si(lere([ in estat)lishing the ('.on(lit ion of neuh'al

stal)ilily (hat. separates the regions of st al)le an(I

unstat)h_ initial co)digurations. Morton (ref. 5)

proved a similar (heor(,m where the static-

|,(qni)(w_lt,lll'(' gra(lien( is llSSllllle(l non('oi_stant

an(l wh(m the flui(l is fr(,e a( top aH(l I)oltom (t.h(,

original ('(m(tition of l¢aylei_h). Theoretical l>re-
(li('lions of ('rili('.al Rayh,igh mmd)er of 17()S were

subst.m(iat, ed experinn,nt, ally 1)y Schmi(ll, a n(l

Nlilvertou (ref. 6), (_han(h'a (r(,f. 7), S('hmi(l( and

Sau),h,rs (ref. S), and Malkus (ref. 9).

Wh(m (he layer is v(,ry thin, lhen initially a
columnar mo(i(>n occurs (ref. 7); this may be

eXl)cclcd when the I_.ayleigh )mmt)er is less than
17()S (1)elow which <.elhdar molion does not occur),

and the ((,ml)eratm'e (liff(,ren('e is large enough
f(>v a, (h'nsity varialion A (>f al)out 2.1 percent (ref.

10). A furth(,r in('rease in the temperature

difference will cause the Rayhqgh mm_ber to

1
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reach the ('rilival value, at whMi lime fill(_ cclhllar llao

tool|on will lake 1)la('e. Thus, (lie ('ritical ]leiglit
h for ()bs(wving the (,ohunnar mode is 3/'

t

0.021 _'"<'ID_P_ 1708 t<_

When the hlyev thickness is greater t/lan this
value, then (lie columnar inode is not observed. W(z)

I,l the case of a time-varying t(qnperaturc
distribuli n, where the liquid layer' is fm'm(,d II',,

from a melting solid heat sink, lhe liquid layer is

initially thin, and f()r ral)id h(,ating rat(,s the
teniperature differential will IZivc rise 1o the w
('()]llJillllll' JiiO(](' of ilIOtiOII. |/(ilt'lllSt_ lip Ill(, snutll X'W'=

vehicilv ehise 1<) lhe walls with Stlch ii ino(]o {if a

flow, ilo +igliili('lilit iliVl'etise ili helil-II'iinsfer rlil(t

Ciili I., (,x1)(!(!l(!(I , tlli(I lhi+ iiiod(, is dis)'e_lir<led in

the prt,s(+nl il.nnivsis, fl

The ('ll.-:,(, li'(,iilei[ herein inciu(h's II linle-varhuil

fOl'l'(i ti{,hl. In a ballistic /nissilc l.]lllt requires Gv

vooling, (he varyhlg veh)cily of lhc nlissilo will A

illipOs(, ii lilile-Vlil'Viiig body ['t)rco field Oli lhli

fluid iu addition to l iw graviLalional body fOl'C(' 0

field. A crilerion for nnu'ginal slal)iliiy is slaled
lllld alilllyzod and used 1o invesiigato the effect of 0,

tlll_t('ll(ly [l('lllili 7 tilld body forces O11 |lip _(llt)i]iiy
of lho fluid laver. 0,1

SYMBOLS t;

X
.l(x,!l) function of x,//, whh'h separlit('s the

fulicliolla[ dopi'lid('lie(_s in

p--.<l(.r.W)0(2',l' )all(| W=_zl(x,y) w(-',t) P
P

% SlWcilie heal lit conslanl pressure

c<. specific |war at COllSlalit voilinie Po
r(z)

j.,It, .... _: sili mrz I1_ dz
II

([ loltll ('t)l'Ct_ field resulihig frolii gravily w

aiid /ivceleriiA ion

.q acceleration due to gravily (in negalive w,,

=-direciion)

k Iwight of layer in .:'*-direclion wo(t)

j"N ..... sin mrz 1I., dz
0

t' unit. vector in direction of :'* hwreasing

re.it posil ire integers .

15' Prandtl lllllll})(q', C/j_/h;

]J J)z'ess/li'(_

B>a Rayieigh iiUlliber,

cft,:'f;p,>[_*(D,t*)-_*(o,t*)]/u,<

crilic'd Rayh,igh iiuiiiimr for sia(ic
case (lowest Ino(te. of Inotioli)

temperature of fluid
time

cl'i(_ical t.iine (perturbatioits pass from

sial)le to unstld)lc reghne)

velocity of liquid

function of z in ii.pproxilnate separate(l

form for <0,_(z,t) _<o0(t)lV(z)
fun(qion of z t liar, s(,parat(,s lhe fuilc-

lional {[(,p(,n(lonces of

c_-_w,,(t) ll',(z), (t_= 1, 2, 3, etc.)
vertical coniponeni of IliOliOll, i "k

co()rdinalos

coetnficien(, of i.hernnd expansioil,

1 (lo
0;7ilT' -"

illdeX of l'ate of thlhl eXlilinsioli lil

h)w('r wall (see (:(t. (3()))

l'llii() of specifi(: heats
proI)orlionl_l critical (h, nsily ([iffi,r(,n=

tial, [5" (D.,t*) -- p0]/p0

fllnction of 2,/ llial, seplu'ates variat)les

in p=A(_,,y) O(=,t)

funclion oft lha(. s(.parai(,s va.rialih,s in

O(.z,l)--_O,_(l) sin n_Z

function of t in approxinntI(_ s(,i)aratcd

form for O, O(z,t) _--Oo(t)r(z)
con([uctivity

paranieter indieltling silapo {if <@Cilia-

lion c(,lls

viscosi(y of |hlid

(Icnsity of thiid

FIq'('I'('IIC(_ density, -*o (O,t.)*

function of z in approxiniate s('parated

forlll for 0, 0(z,t)z00(l)-r(2)

fllnciioil of 2',/ (hat st, pitrales variat)h,s

in w=A0",!/) o_(,=,t)
['liilt'lioll of I ilia{ sl,ptll'aLos variat)ies

in w=Eco,,(/) W,(z)

funci,ion of I in approxiniate separal(,([

forni for w, e(z,t) _w0(t) If'(=)

liar indicates basic COtll]gtlral.iOll, ap=

plied io p, 7', 1", w, and p; absence of

bar [ndicales perturbation varial)ies

asterisk indicaies variabh_s with di-

iillqlSiOllS, al)l)liod (o p, T, t, 1", w,

z, y, z, and O; _d)sence of asterisk indi-
cat(,s (linie)lsimlless, normalized vari-
al)h,s
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Exa.nt ph,s :

p normalized, dimension-

h,ss d(msily perturbation,

p*/pnA

p* l)(,rturbalion of fluid density
normalize<l dimensionh,ss den-

sit3" in |msie conllguralion

_*--I)/A
P0

_* density of tluid in basic con-

figuration

S,ulls('ril)tS :

cr value at erilical lime l_r

:+,t dilt'erentialion with rest)eel, to : aml I,

resllv('l ively

PH YSI(?AI, ASSUMPTIONS

A viscous, conducting, incOnll)r('ssihh' fluid wil h

('onslaut. viscosity, eondu('livity, aml sl)e('iiic heats

iS assttllled tl) lie betwe('tl ix','() horizontal l/lales of

v(,ry large horizonlal dimensions eompared with

tile w, rtieal sl)ac(' between. The density, which is

supposed independen! of the imposed pressure,
will vary a. small amou]_t throughout ill(, lluid

beea.use of temperature wu'iations that mqv h_,

large for fluids wilh small lhermal eoeflicienls of

volume expansion. A steady gravilaliomd field
anti a vertical ,iveeh,ration are assumed to he

at,ling on the fluid (tlg. 1). Both 1)la(es '(re

assumed infinitely conducting. IniliMly lhe teml)-
eratm'e is assumed uniform, t)ut at some lime the

t)ot, tom plqte is hea, ted while l]le upper 1)late is

kept at, a constant temperature at all times. £im.e

the heating is uniforn_ in the horizomal direction,

ihe fluid is expanded vertically. The teml)era.t,ure

and (lensity distribuli(m that results frmn ]waling

ihe |)origin l)[ale and from ihe fluid conductivity,

h)gether with the velocity of verti('al expansion, is
her(,inaf/er desigmde(l qs the tmsic configuration.
This consists in a smqll vertical motion and q

temperature dist ribulion for unsleady heating of

a conducting shrh with a negligible lnodifieation

resulling from tile convection.
Superimposed on this baste configuration is a

slow motion in the form of cellular pal.terns. The

velocity is assumed so smqll that, quadratic t,erms

in tile equations of motion are considered negligible

compared with linear lerms. In addition, there

is a small perltu'lmlion in the basic tr'msient t(,m-

perat,ure distribution. In tile inilial stages of the

heating, the velocity an([ temperature perturba-

z T i Body '"',

_ ] force -- Rigid
[ ,o Fluid) _ field conducting

[ I " a' ,' boundories

x,.k" 1

")/////////////////////////
to)

Density
t =0

(b)

,)OOO 
x y

(c}

(a) (!t)nligur:ttion, t!o<)rdimtt(,s, :m(t f(,t'(',, li(,l(I,

(b) Basic (h,nsity dislrilmlion.

(c) Pallern of slow cellular molten.

l"l(;l:ltl.: 1. ('otllig, m'ati(m, coordinat('s, drowsily, :m(t shin

mol ion.

tions will lw danq)(,d out t)(,('attse of tim viscosity

and conductivity of the Iluid; I)ul at, some later

time the transient lemllerature gra(lient is large

enough to drive the fluid in slow motion, and the

motion will grow with time until the line,u" at)l)rox-

imation is no h)ttger valid. Brietly, the method of

analysis consists in assuming a slow minion an<l a

small l)erturbaliou in the initiql tenlperat/tre con-

figuration and tin(ling <ml whether the p(wturl)a-
lion and motion will be damped out in lime or will

increase indefinit(,ly with time.

EQUATIONS OF MOTION

BASIC+(7ONFI(IURATION AND PERTURBATION E(_UAT[ONS

Tile ("qtlal tOllS (if lllOliOtl (]llOllletl{ tllll_ (!(tlt-

t inuil v (mergy" are exl)ressed with each det)en(len(

variable p,u'titioned into a. sum of t.he value for
the trlsie configuration imti('ated with a 1)ar )

nml the value for the l)(wtm'llalion tlow (no bar).

Thus, the v(,locily ve(qor 1" is written l'*--t-I "*,
where tit(, asterisk imlicates a variat)le with (lilnen-
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sions. The bar is al>plie{I t.o p, T, 1", u', and p,

The asterisk is applied to p, T, /, I', w, a:, 9, 2,

and p. Each of lilt, equations is then splil into

lwo con!pore,his l)5" the usual met hod of pert urt)a-

t ions, as follows. First, the equqtions are assumed

to be satisfied by the basic vonfiguration alone

(zero perturbation). Secondly, thcequntion wilh

basic quanlities is subtracted fi'om the complete

origimfl equation. This second equation is lhen

lim,arized by discarding terms lhal are qua dralie

in slow velocities and perturlmlion components of
the variabh,s, since these are assumed small .ran-

pared with the linear terms.

In the presenl, cast,, before eslablishing lhc

perhn'bation equations, the coonlitmle system is
irallsfol'lllOd frOlll _/, sl_/liOlll/rv sol 1o al, llloVillg spl

that is considered lo In, moving at a vavinblc speed

pnralh,l lo lhe vet'{ical m' ::-axis, as in a Slm('e

vehicle vertically remHerin_ the almosphere.
The ott'eet of this transforntali(m is to add a tDhl

force |tWill t,o the DIOIII('I|[IlIII equations and lo

leave iho eonlinuity and ellel'gy Oqllaliolls Illl-

moditied. The process described rosulls in lhe

following equations for the basic (low:

_ I OJYI("II t I1111 :

_,0_*.-,-,0¥* 0}'3* -, , 4
N _+r' "' 0"_v -6: *-/' ¢'+i_

(. ontlnully :

Energy:

0_* . -, 0_* . _, 0_*
b¢" +p _c *-+'' o:*: :o t2)

l O'T* _, c)7'*x _,_, L°,,(/,)

(;)] °%:+g'* 00_* * ='_ c):'*e :_ _ \0z*/

(3)

In these equations the horizontal (.r,y) w,hmity

components have been assumed to 1)e zero, and
the .r,y deriwnives zero by virtue of the uniform
conditions in horizontal direction.

The correspomling ('(ttzaliotls for the l)erlurlm-

lion flow are as follmvs:

3|(IIIIIH | I1111:

-_, 01"* . _ , 037'* . _,_, 0 "* O_*Oi* + :p 0# +° 01--*+I"P*":* 0:*

037:*
+/:p*¥* 0:. .... Vl/-- p*Uk

( )on t in uily :

i ,u. (V2l'*_-.l_ V_-'-]'*) 4)

where/" is [hO unit, vector l)aralhd to the z-axis.

T le !)(mn(lary conditions for lhe I)asic ttow are

u_* =0, 7'*=t'utmli(m of l*, at z*_::0

"fi* = p,, w*: (lh/dg*,. 7_* 7'1, _ I r::* _ h

and ini ial comtitions T*-- T_ =constant,. For the

perturlations, V* is zero at either wall by the

no-slip condition, aml t.,causc of the ass.reed

lavg'e xxall ('onduclivily, 7'*=0 also. That is,

l'* 0, T* ::0, at z* 0

l'* (),. T* O, at,,:-*--h,

Becaus, of the over-all CXl)ansion of the tluid, the

upper I,oumh_ry will bc disphwed and h will vary
with ti he. The varia, lion is neglected because of

the ass trap!ion that the fluid expansion is small.

Tern )et'ature wn'ialions may bo expressed in

terms :)f densily wu'ialions by means of the

t,ht,rma (:ocflicienl of density change a:

1 ,1_* 1 tip*
-- -- =---- (71

po dT'* p0 dT*
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where o0 is some standard density of the fluitl.

Thus, the basic-llow energy equation (3) is rc-
ducibh; 1o

_p,, L_-<.I_*:_I\-O_ - .. _ /

= _ o"_* 4 (ay*] '_
,_p.oz *'_-:_ _ \6HI

while (trot for the perturbation flow ((,q. (6)) bc-

(!OIIIOS

In boih energy equations ihev(, occurs the group

c_po-fi*'c,,(7_*)", whic, h (si,ct, lhc (h,nsity clmmlgt,s are
small) is "q)lwoxinmlely _*/c,_*. ,_,ince _* is of

the order of po(//G the g)'ou 1) is approximah,ly

_Gh,/c,,. For wah, r in a nornml gray)tall(real tiehl,

o_g/c_._.().5XlO-S/:cm. For mevcum'y, c_g/G,_l.3)<

11)-7/C111. Therefore, there is a large class of 1)rob-

h, ms for which _(;h/c,, may be considered n(,gligibh,,

and for this class the energy equations are m()tliti(,d

t)v discarding this term in COmlmris(,n with 1.().

By similar reasoning, the l(,rln c_p.t_*/:c,:p*p* lllll 3-

also be discarded, provi(h,d p* is asstHm,(I to b(, of
lhe order of 9*Gh.. ()stvach 0'ef. 11) t)oinied out

ihat this tern: r(,presenls the ratio of compression

work to heating Cl)Ol'gV Blld is bound 1o be small
for fluids of small assumed lhermal coefficient of

volume expansion |)ut may he large for th)ids near
the critical stale where e< is large and in l,lrge

gravitational or acc(,h,ratiomd fiehls such as in

)'otaling machinery where fiehls of 1(: g are possi-

bh,. The two energy equations now nssume the

following forms:

o:* _-" b_-;¢ :_*,',-o:*"-i_ _*,,,:\o:*/ :s)
fill(|

+ " G0t*ag*F_* a ,_-.+ _,. o_. +_._ .+_.. a_*._az./

K
(9)

5

ORDER OF MA(;NITUI)E OF TERMS AND SCAI,|N(; FACTORS

Basic configuration, la ()r(h'r t() siml)lii'y the

equalions of |nolion, it is necessary it) investigate
ihe order of magnitude of the v._rit)us terms in the

equations st) thai, the negligible terms |nay I)t,

(,limin,_l(,(l. For this l)urp()se th(, variables must
t)e scah,(I to n(,,v dimensi()tdess v.rial)h,s of ()r(h,r 1,

so that the various lerms may I)e coral))red. 'Vii,,

obvious ('h()ice of scale ft)r lI.' h'l_glhs is ],':

._* ._h"/

y*= yh

2'* - ,7 ]t

<:())

The (lensil.N variation is small; th(,rcfore, if p(, is

ih(, density attained at, the It)wet wall at. the time
:_,wh('n (he instability (h'veh)l)S, the (lim(,nsi(,nh'ss

(h,nsily p(:!,/) for It.' basic mt)lit)n is given l)v

_*- p,,(l_ _) (11)

9,,=--_*(o, i t:) 11.)

%V])('I'O

-fi(h,t*): 1 _(),15): 1) A=---o*(l"t*)--I llb)
P0

and A<<I. If relatit).s (1()), (11), '_*--_t, anti

t* tb are set in(() the continuity equation (2)

(a,b art, as yet u)nh,t(,rmine(l cons(ants), and it is
assum('tl (hal _ and t are tlimensionh,ss an(l of

or(let 1, (hen (here resuhs

,<';into A is assumed small, lhe b|st. term is negligil)le

(.otnl)ar(,(l with the st,co)((l, and the equation
I'(q[)l(t('S lo

0_. 0+
Ot -I- O: _0 (12)

when t+b--Ah is assumed.

The (,ncrgy (_<luation (8) is normalized by sul)-

slR, uting (he ([in:(,nsionh'ss va)'ial)les of or(h,r 1.0:

3poC, b \ c.3z) p.clt _ bz 2 c)t

"['he co)_(h)ciion ler|n V"-_ anti the heat rate ter|n

b'_/'Ol are ('onq)aral)le if i1 is assumed that,
b--h.2ooCd_:. This is equivalent to choosing a time

scale comparal)le wit, h lhat for conduction of
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(emI)eratur(' ({istm'lmnces from one wall 1o the
olher. The vehwitv nnd time scales then result

in the dimensionh,ss variahh,s ;7 and _ given I)y

-(D'*_p.c,D w

t* =O'<D_ t
K

.)

(na)

With these sul)sti(u(ions t]_(, fivs(, term ()f the

• 4_p._A
en('rgv equation _iv(,s (h(, ('o(,[[ici(,),t ; :, :r,,

• JD,'pGc7

whh4, is equal (o _-_'_/_ A'-' I,<.,
\ J f'p/

istlwvahu,()f(;ait L-,,lh('lime'_vlwn i,,stahilily

is nltni)ied, anl(l ]la,, is the l{ayh,igh numl)(,r at
f :: t,.,. ( ' _, (;," ,1_ :)p(_ A jr _ _ . Si U) <' ( ' 1,'_1 _ _ is <)f ()Z'([(' z i 2()()()

o)' lai'ger in (h(, rang(, ()f in((,)'(,s(, A<<I, and
aG_J(.'c_,<<l. (h(' first (,lissipatioN) term in the

en('rVy ('quati()ii znav l)e dis('n)'(h'([. Also, the

last wrm may })(, (lis('ar(h,d ))('('nuse ,A<<1, st)
that the ('lwr,,'v... e(luali())i f()r ih(, l)asi(, flow is

(31 (14)

whi('h is (he (,qua(ion fi)r (rnnlsieu( ('()),lu(qive

h(mting of a slal). Th(, l)oun(hwy and initial

('()i)(litions rive -_((),t) .!'(t). "_(I,/) 1, P(L())_ 1, and
/(t<,): 0.

With the new vnviab](,_, the m()m(,eHum e(lUa-
ti()n f()r th(' l)asiv fh)w is

0P ' 'r-4
o,::=- (1 ! __.)>, + " L:_o=-'

(rcr Ii (Icr

I' r ("l -f -fiA ) O: Ot ./_l
%)):l loro

P := P ,"Oq6<,1

Within (l)(' limits ()f th(, al)l)roximali()ns, the s()lu-
lion is

P lqq-(l--':)(;

This pressure (listi'il)ution results from the l)o(ly
for('e tichl alone.

Order of magnitude and scaling factors in pertur-
bation equations. St..liNg of the slow-m()ti()n 'rod

len)-l)('J'aluve l)erlHrl)alioi| e(lu'Ith))is (lifters st)rot,-

what from (he corresponding l)ro(.css in the 1)asic-

e()ntigu,'ation equations, hi the latter, the

veloci(',- resulted front the expansion of the fluid,

and consequently the continuity e(tuation is the
[)rol)er one for seeking a )lew variable 7_ of order

unity. Ill the perturbation equations, the velocity
resuhs front the gravitational tich[ acting on the

thiid ltlLd is impeded by (.lie viscous effect. Thus,
1_ sll(),)l(l 1)e scaled from (h(,se two terms in the

equation of mot.ion. The veh)ci(y of order unity
is then

h 2(;c,poA

(15',

tl' =- P H_:1:
2 _

h (,erPoA

Wi( h

_ p* _l

P=D(;<,poA

.=:: j
(16)

the e(li_ation of motion l)ecomes

/,'Y/,[( l Aa)0174-/C _T 0_ .... 0["Ol -- lla<., p c)t tA('l f pA)w Oz

qL/cA(I__ _A)w 0_' ". TA :_ --_]0:' + _ ):Z; p<_' .+

/+,-, +J.... vp--lcp "l" ;VV.V
l l cr ,')

(17)

Wilh he sli,Siil: sut)stiluth)ns, the continuity
(,(llllll[o i iS

_7, I " _.

1 i _A w ()z

-)]} (lS)

ll, iid the ('liel'gy e(itlalioli ,

--2Aa/'(;'(0w 1 V l "\_)w V_
',. \Oz-3 ' )Oz + p

[Op____ _,_ l:,.,,,, oo_):'1 t _A) i,O/_-au,-i-oz t "l _

(19)

With i!ie al)l)roxinlations A_t and "/_1, th(;

1)erturb:ition flow satisfies the following equations:
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Nh)tiou: and the euer<rv equal|on (9.)) re(iu('es 1o

I i_l" G , .+liVV. I.i':, oi =-vp-l':p ¢;_j+v-I t20) <)" " _) " 1' -
.b_-x--m ) 0= .,.._p. I_,l

('onl imlit y:

Energy:

V'. 1"=0 _2l

" OP_--lga V O-p (,),))

These perturl)at ion equations involv(, only _ fi'onl

the basic (.onilguration, and this may be ot>tain(,d

fl'OIIl ('(lllltliOll (14') alom,, which does not iuvolv(, _.
It is uol nt,(,(,ss,_ry lo tim| the w,h)(4ly distril)uliou

of the basic llow, and (h(, equation,'-; of (.onlimfity
ll, lld ll!Olll('ll[(Illl II('(_(| llO( l)(' llS('d.

STABILITY CONDITION FROM PERTURBATION

EQUATIONS

Following RayMgh (ref. 13, the pr(,s, sur(, au(l

velocity ('onu)ommts I'.i atn([ l'..]" are elinfimtte([

from the i)erturt)atiou equal|on of motion (('(I.
(20)) by tirs( tal.:iug the div(,rg(,n('(, and then ih(,

derivativ(, with respect to _. S(,(.on(lly, the

lmpla('ian of the v(wtical ('ompon(,nt is sul)lra('t(,d.

and the ('on!inuity r(,la!ion ((,q. (21)) is (,mployed,

yMdiug

1 72 Ou, ['O"p ., "\ G ....
/% 57 t_z_--V'p) _,-_V'V'"' (2:_:

The .r mid y vavial)h,s are Sel)nralt'd out I)v the

followiu_ "lSSUlnl)liolls (ref. 4):

p /l'a',y 0 z /) l
/

w="l(a"ll;W(z't) _ (24)
I

0L,1 b2..l
:1" 0 [

t).r_ _-of'+x_" .a

The fun(qion .l(,r,,q) is period|(', and giv(,s rise to

(.ir('ulation (,ells if X2_(). The ])arameler k indi-

cates the shape of the ('('lls, as cau be easily seen
for lh(' ('as(, of (wo-dimcnsiomfl c(,IIs wh(,r(,

0h.I/'c)q'=0. Th(,/l A--- sin _: or ,'I= cos X.r. Th('

('omph't(, c(,ll width is then a*//,_x--27r/'h. Thus,
k iudicatt,s th(' ralio of cell heigh( to (.ell wi([lh.

With th('s(' asSmnl)lions, equation (23) ri,tlu('(,s
[o

£,-x[) _ o_,-x -/,;, 0,. ,.,,=-x-o _ 1%)
496502 59----2

Th(, previously give)) boundary ('ondilions for tlm

l(,nll)(,ralur(, ])erl url),)tions r(,du('(, 1o

0(0 t)=O(1,t)=() (27)

The ('ontilmily equation (21) l)(,rmils the boundary

('ouditions on (he velocily p(,rturbatiou v(,(:tor l"
to 1)e rest_Ued in |(TIIIS of [tic dtwivativc 0u_/0z at

the boundary. Th(, compl(,le ._(,t, of l)otm(lary

(.onditions on th(, v(,h)(d(y l)(,rlurl)aliou then
'I,_,'-:,HIII('S (hc fOHII

w(O,t)=o;',l,t),=Ow(()'t)-= 0°_(I'_ () (2S)
c):. Oz

A CRITERION FOR MAR(IINAL STABII,ITY

P)e('lluse of the honlogeneous fornl ()f the

different ial (,qmitions amt the boundary ('on(lit ions

at z--0,1, the solution of (hese (,qua(ions is any

of a ntmd)(,r of (,ig(,tffun(.fions, (,acll assot'ial(,d

with a (,orr('sl)omling vahw of tim Rayh,ig]) number

lht_. Further]nor(,, honlog(,m,ous (.on(litions at'('

required at ('(,r(ain wflues of t to (,stablish

sohltions of this type. Because of the or(let of

differenli'dion wit]) n,Sl)C('! lo l, it, is l)Ossil)](, to
s(,h, ct two such con(litions.

Some physical insight will hel I) (,stablish lh(,s('
(.on(litions. :ks ih(, ((,mp(,ratur(_ of the bottom

vcall is in('reas(_d, one may imagine various p(,r-

turbations being imposed on the flu|(1, lni(iallv

wh(m the temperature (lifft,r(,n('(' is small, th(,

perturt)alions will bc (I.mq)e(1 oul. Ther(, vcill
come a tim(, when ore, mode of motion will

(,ontimu, with s|athmary ampliimh, and th(,n grow
at later times. This tim(, of ('rilical or margimd

stability is d(,sigmtle(I as the criti('al tim(, 6. l|
is r(,asomtl)h, 1o (h,lermin(, this lime in terms of

(.ondilions rehde(| only 1o lime in the ilnme(liale

vicinity of t--t_, sin('(, any growing moiion may

l)(, damped out lal(,r by al)prol)riat('ly s(4wduling

the tempt,rature of |h(, h)wer wall. Furth(,rmor(,,

it, is also appropriate to require (hat both lh(,

slow-motion v(,locity ll.|id the teml)eralur(' dis-
tribution shall have growing alnplilu(h,s befor(,

the temperalure (lis(ril')ution can t)(, regar(h,d as
unstu])l(,, ,qs th(, folh)v<ing (,xnmt)](, in(li('at(,s.
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A._lliUt' u .-tatil' lim'ar t.iupiwlitur(' (li,+.tl'il.llim_
l,;ll(W,)l t. l.' _talql'. If _l :tmtll "<t,M'it v i_ iml:.O:e(l

01| lilt' llui(l v,it]_ Zl,l'O t(,nil)OJ'.ltUl'(, t)(wlurlmtiml.

then lh(, l(,lill)el'attu'(' I)erttlrlmtion will i_itMly

gr(v+', from zt,i'i) I)(,h)l'O iM'_lyill_. Similarly. it is
F,o+sil)h, Ic) ha,+'i, a l)erio(l "+',,-itIt tl _t',_)','.,it+_ vt,h+.itv

l:,ertul'l)atioh tluritl<: a (.oil<litton of /tutti :tal)ility.

Thu,-;, iu.,<lul>ility t'eqttii+e_, that th. _l'owtl+ ratt,s

for both tilt, voh)vity aml>litudt, +it,d totnl)oratlu'O

Unll)lilu<h' Ix, (,(liull t<) or _,'r(,,atlq' tlul)i zor<:,. If

this roqtlit'('liteilt i_, v,!:,mI:,im,d with that ft,r lit(,
d(,fi.itiol+ of tht, .riti.al timo. thon tit+ (,i_,)tful..-

liotl t.<mditi<m i: al>+o :isli:tle<l b,+ :t,tiitl_"

1 0o
It i.< also) r(,quiv(,<l tlmt O Of _f) .tl ! t,... ++l.t .

:,'('(m,l l,_)m<:,_'('I,,_m:<'.n<liti+m It(, +uli_!;('(l. l>)otll

rt,<iiiir(,m(,ttl: aro _illislD(l l)v >;oltiiL(.Z"

00 0._1 !<,.)
Ot

Tiff..< st,t'(:,tl(I ('<..tilioli als..,<(,t",i'_ tile I)lll't)ost' .f

<l('tinilt+ lhe h'ast stalJh' l)t'rturl.ltioll, sil.'. I}H'
l b0

ltuid inst+ll)ilitv .N<t thl' valu(' 00i l:'uy I,(, ('x-

l)t,<'to;l t. it).(.rt,as(, v, itl+ tllo itl<'l'('ase itt tlqlil)('l'a-

turo (if th(' lov,(,r v<all. Thu,.+, tlt. ('(:,n(litioll

b+
_)t:-O (t : t,..+ ",',ill result in a tuinimtim m'itieill

l't ioM,u,'h nllml)(,r.

RELATION TO QUASI-STEAI)Y SOLUTION. OSCII.LATION,'_

Wl.,li t,qttlltions (2,5) alliI (26) art, :c, lvod at

tho (.ritMtl limo (I-+G,). use of the 1)revedi)l_" von-

ditiou: t%r mal'+inal stability yi(,hl: tht, .,-;ilul)litio<l
fOl'l 1l:"4

(.,,_2 o' 2 +:->,+0 (t: t,.:) (2/))

bz _ i O= l:a.w-_: (t=t.') 30>

Silit.t, t---t,.: niav bt, t't,gardt.tl as a c'olistalit parain-

ott'r to It)(, th, terlnint,(] fi'olli t}l('so equations, the

i,quations ([ifl't,i" from thorn, for the steady-star(,

vase (,ss(,ntially in that _+. i_ Ii fun(,tioll of :. lu

tho .,<((,a(ly (,its(,, lh(, st)]ulit)n for _ r(,:,uhs ill _,-- I.

If tlt(' h,'atiu_' is slc)v<, tlt(' ('urvat ur(, (if tilt, _ l)r()lih,

i: >qnlill, anti _ .- I will r(,l+r(,s(,tlt :l _()()(l iq)l)r<)xinla-
ti(m it_ ,h(,ni(,utt. lit this east,,

1_)+_++ ll+t_+--1707.8

v,h(,rt, /:.,, is ill(, (,riti(,al I{ayl(,igh numt)t,r ft)r
t}l(' ,"41('tl(l',," ('tt,_('.

I]+ th+, l)r(,ment (-as(,, _, is not ('ou+tant, ali(l ('qua-
tit)its (2)) tutti (30) tu'(, t,quivld(,nt to the iti,,'(,,_til..cil-

tiou (if the stul)ilitv t)f tlt(' (h,nsitv l)r()lih, _ as it

stlu+d.,+ it any i)mtaili, llt,gh,vting vlu'itttions t)l' _
with tim(,. Thi,_ ,+,ituation (,xi_t: if th(, tim(, s(.al(,

for flit, t(,litl)(,rattlr(, (.hail<:(, ill tlt(, _y:t(,tn is hire(,

<.()lUlmr.,,l "+vith tlw tint(, ,'-;t'ah̀ for in,_tal)ilitv t()

<h,,,.'(,]()]) +l'hi+ l)<)ii+t ','+'It+mad(' l)v +\l<:,rto]t (r('f.

;'7), who illvt'_ti_'at('(i lh(' _t(')I(ly-+ta(( ` ('at(' ,+vith _i

li()It('()ll,'-:ttltll l('IIll}('l'tll tlt'(' _l'ti(li('lit _lll(] _]i('tti'-fl'('('

tll)])t'r tl))(l ]ow(,r +urfil('i,+. To us(, tlff,<< al)l)roli('ll

fr(>ni th, I)('+z'i)t)tin_', 11.' till)(' varilltious ()f (1 tt)l(l

++ ",v<)uhl I)(' lw_'h'<'(('(I tit (,(tuali()tis (:.>5) tint] (2(i].

Th(,il tt t, : a]i(l t ,+uriat)h,s may h(, +(,I)al'at(,(I I)v

us(' <)[ (,Xl)<)n<,t+li+ll+ iltt() 21 s(,t ()[ t'lllt('tiOll.,4

0,, +'<+'Jsc, (2

l"()l' lillV t)lirii<'ultu , ('i_onfull('ti()tt l)ltir (¢,+(:'),

W,,(:)), v<hMi is _).t th(' :tart' of ('rili(,al stltbility

(c+,,--_()) thl' t'qtilltiotls of iilt)tioti (2+3) titl([ (76)

lholl I'('[tl(+( ' It) (2{}) IIlid (;3()). Tht' ('iT('llvllitll'S

for ]Tfte, thtil i'('suli til'l' ihorof()r(, th(, _ill/l(, for

l)()tlt lll( tho(ls.

Th(' < (,v(,lot)nit'lit (if instal)lilly liltt\ It(, (,Xl)(,vi(,(I
It) invo vt' <)nlv llOllO+('iihiloi'v Ilioliolls front tilt,

folh)xvinz ('oilsi(l('i'itliOil.'.4. if tit(' (lllilSi-_lt'li(i3" lil)-
l)l'oxiinl tion i>_ ilssunlt,tl _utli('i(,nt for the (l(,scril)-

lion of ho ltioli()ii lit,ill' lho (,riti(,li] lint(,, lh(,ii lit(,

tli'_ilili(, it of l'(,lh,w :.ili(t _oiltilw(,li (r(,f. 4) in(li-

t'tilt,+ ll:ttl, for li straight stiiti<'-<h,nsity (!urv(', lit(,

l{ttyl('i7 i Iltllil})(,l' im llOt._tltivt' fol" o:(qlhitory nit)-

lioli:, aiid lilt' l'lit(' of +rowlh i+ also liet_litivt'.

Thiii i._, tti(' ftuid ('ontil_urtlliOli i._ sial)h, if till

osciliat(ry slow inotion is to (,mist. For nolilili(,lll'

.,qlitic-d,,n+iiy (]islril)uiions, _Olil(, (l(,viiiiion (if 7+
fi'Olii l.il ('illI it(' inli)ost'(] Oil tit(' (l(,nsity (listribu-

lioli I)t+Ol'O tho i'litt, of _l'OWl}i ('[il.i.nTos front li

ll(,gtttiv(, to II positive vahit,, if sU('tt tl ('htlltt._o ta|,;.t,._

l)]tl<'( , tit all. Thus, t}l(, ('otitillllOtlS liilllll'O of tit('

vari_itio i of l}l(, l{liyh,iTh nuliib(,r llli(I of tilt, I)(,r -

turl)liti(,li 7rowt}i ralo wilh vlu'ili(i()ii: ill tl(,ilsitv
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di_l rilmtion indi<.ntcs that os(.illnlorv molions will

exist oulv umh,r slallh, vonditicm: for a u<mirivial

e]a:s of densilv di_lrilmlions.

VARIATION OF :"7,TABILITY NEAR CRITI(;AI, TIME

At the critical tillie (0w/0/ O0/_)t 0). tile

(ltwsthm a]'ises whether the l)e]lurb.lticms r(,aeh
,tl IIltlXiillllIll vllhlt' ([l',tlllsi|ioll fl'Ollt unstal)h, to

:lal)h, (,(luilil)ritml!. <w r(,a('h a minimum. Fronl

physi('ul ('OIISi(iel'tltiolls, tl'allsitit:)II iS fl'OIll 't}lo

stable to tim un.+-;tal)h' r(@me if' tl.' ]layh'igh
Illllll])(q' I),t|SOtl Oit iliStillltillle()tlS ",,',tllll('S, ()t' the

(),:(,r-+fll density ([iffer(,llt't, +tlllti lhe hlsltllllllllOt)llS
lichl forco (; i_, ill<'l'('tiSill_+ The ehntl_t, of the

i)r<ffih, sllal)o ['l'OllI 11 lllt)l'O sial)h, slltll)t' to I1 lll()F('

un+<tal)h' :Inipt' ,,,,ill ll;iVo :l _intiHil' ('floor.

.'tit Upl)roxinmto :('t or +malvtic <,mulitit)tts r(,r

tilt' {ISStll',tlll('O t}liil tilt' llni{t is t)as+iliv ill<() an
tmstal)h' state ntnv t){'<)l)tuint'{l if it is nssunu,d

that ll., sohttimi Io the difl'ort'ntiul (,(itmti(+ns (251)

uti<l (21;> lit<iV 1)_'al)l)r(+ximatetl by l}lo ['tlllt'tiotl

pair

o+,::_.ll)11 'I : )

0 O_IJ)T(21

111 lift' rt'viotl ,+_t... rrhc tliffercntia[ (,(lualitms

(23) anti (26) are. with theso sul)stittttions.

dO, ' - I •
O.(r:: X"r)-- l: r -/a,..o_+m: I

,t+_ +%_ t ,l<+,,(<!!+_x.,%i+. -x-' (:
¢"'+( (t:"-' ^ / H'II'r (It \ (1:" / G:_ O<.r

"xVln.n IIlt'se nl'e tlifft'rolltintt'd with r_,sl)t,.t tit
time.

<10,, .., , <t'-'0<, (tit <r+---^'Tj.. --(lt. 2 r /?a.Al" +,>F:,+7+ d+,!](lt]

(l_<l { (t "> x"]"lt" l d%,>t (t2 .,dt ,,d: -+..: "-]_; <it++t il: -x )w

:__x_._(o,, {ic+ c ,!0,_G. (tt G:. dr/

{12_o(d: .,)-' . 1 <1%,,/(t-* 2"{It_ a_--'-x n. p,,,i:_ !_.il7_-x ) n"

=_x_C_Ir(12(.' 2 d0,,dG Gd20,,"_ii?- +(;. -{it <17+G,./ ilt ]

((')

At t : t:,, ttiest'(,(lU;itit)iis re_lut'e tt)

o ) -- •

(;I) (}+i(Tz:--X'T) _ La,.,_.o..ll

<I2 , _ +
(})) O2,,(11;,2--_2)|_ _--X2Oi}T

(120'> l'a.lI'_/_ .
09 -- tlt2 _

l tl->w<,( tl2 ,,_ O,, {IG
(d) --l'/ (It '->td: '->-x') tI': -X_'r (7. <tt

,I-'o.,. tl +'> ., _ + 1 _1:+o_. <1_ ,,,
i[:__( ([)m ( II"(i ,>--X+) II --]>r <1.:2-x" )

O. d+-(;, {l->0,,=--X_r (;,: dl.>_-t- (i/_)

| ]IPII

whol't,

1 d<20,, l:(t.X _"I'll.+_..... ;_ i "p:_ tl:
0. <If' ,J1 ,J

Thus. tile lelill)el'ltltll't_ i)erlurhlilion ])a:s(,s illl()

t/i< tltiStllhie regime if 0:, > (). Since lhe i'lite of

heal li'ansfei' upwards is proi)orlionlll Io Pz, lit<,

IB+Ol'ilge w(,iTtite(1 holil-ll'tilisf<'l' Pal{' shouhl lit,

incl'ensin 7 The inost ilnl)ol'l;inl reTion for itiis

It) lit' ti{'l'lll'rillg' is well ill the l)titly {)f the fluid,

since tire vi/hu,._ ill'ill' the t)oun{hn'ie._ ill'{' nlnlt il)lied

t)v IV', whi('h i._ ver.v snlail in tho I'evion: lidjll('(,nl

io th(' willis. Tile Pi'lin<tll nunit)eP ]>r lln(i itn,

l'lito of {'hlili_e of tile 1)o(ly fOl'{'(' fit'l<l {l(;,,'(lt {]() ll()l

affe('l the tale of tenll)eratuI'o trtlnsitio]l It)

insiat)ilit.v Ill the ('riiical lhne i' _ t:_.

For llte slow-nloth)n v(,io('ily, (,qulllion ((1) i_

nnlliipiie(I I)y W lind hllegt'liled, and aftei' eiinlinii-

lion of ;- t)y equation (I)) lhere i._ ol)tllin(,(I

I d2O.,o__/Jr (1_ d,
_ (it _ G. dt J.;

= rI-Uii;Y+x.m+:l,:_>..L-j L\ ,]: / J "

Tt_<,!i. [rolit (<'} ;tirol (I)).

1 <r->0,,11"( {l+-' + )'->0,_ ill `-> (I--'-'- X" }I+ ilia <'X<->II "2P:_

_iil{+t,

i'll+ ( tl-> .,)2 ll+dz,],=, (lT..,-x

• (1>I|" 2 .>:i[(, )+-'( ""(1+_. ] j<l: 'ti
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'l'lw rate of lransition of lh(, slow motion is, ill

conslrast to the temperature distribution, propor-

limlal to the product of the Prandtl mmd)er and

llle rate of increase of the body force fiehl and ix

ind('ln'u<h')tl of lIw rate of cIlauge of Ih(' density
(listribulion. Ill the vase where G is constant, the

slow motion is stationary and continues ill this

condition while lhe lenlptq'alur(, 1)erlurbalion

passes into instability. The behavior of the slow

moiiorl is in this vase shown by means of a ]lig]wr-

order diffm'entM where equations (el nnd (b) ar(,
combim,d :

_o-;-di_'=I ,. j: 0,Z,T -_

Tile sh)w motion therefore passes into inslalfility
when G is t'Olls|alll, Iln(.hq' [he sltnle conditions for

tile density <listvit)ution _(-,t.) as when (; is

increasing. In lhis case the velo('ily pet'sisls

lempontrily at a e()nstant amplitude, and tile tale

of lransilion is proportiomll to tilt, prodtwt of tile
]:)l',+).l|dll Ilulnh(,,r anti tilt' Pale of transitim_ of tile

l {qlllI(q'll i tiP(' p(q't lll'btl | ion.

CALCULATION OF CRITICAL RAYLEIGH NUMBER

The differentialequalious are treated l)v a

method analogous to that descrilwd l)y (_han-

<lrast,Mmr (r(,f. 12). l;'irst, the highest-or(h,r

st)arM (h, rivatives of equations (.25) an(I (26) nr(,

expan<h,d ill n sill{' st'rit's; these may h(, writt(,n

(+5+;b" " co=--X'_.W2_,,(/) sin/+rrz

+)
_)_2--X" O:--_,(/+2rr2@ X2)O (t) sill /_rr.2:

When these two expansions are integrated lel'm

by term an<l the houndary <.omlitions inserl<ql for
each tet'lll, lhel'e is obtained

O=_,O,,(ti sin _rr: 131)
and

w= __y,,!t_It,,(z) (:32)
WIlOP( _

_2

II;, (z l-- -- [)_2r2 4_1_ sin ,, rrz

. X 1(:-+)]
+E,,.(:-i.,)+,,,,, ++,,

{33)

,q Ill]

A, = D.
cosh X/2 2 smh X/2

)k2 n

=[2[,_i,ih x-x) 7"1'''_[{-) + 11Jl. I"+'r:-+ X": ._

H,+ ¢ ',,

." cosh .,/.-,9:: - sfiifi-x/2

[ X" ](,+_-[(-,"-l] }= 2(sinh X S-X) tl+=x'e+X=) 2

Sut)slitulion of these series into lhe _liffm'eulial

equations yMds

d_o ( d, -x"_ ))2-,D \,d: l

:_----f.+O,++ _ Gill II_Z
• Get l

'- (10,"1

_g41

Th(,s(, {,(tuations are th(,tt muhil}li(,(I t)v sill mrz

and in {,grate(I; an<l Ill(, r(,latioll

IC,,,, =- (silt mTrzll;,{z)dz

1 [' ' / (12 z""
IT- ) ll",,{z) de=- 2 2 2 I Sill 11+TI'Z{,r+'_-+x'lO ,,.:-x

is ulili;(,(l to vM(I

(m_r:"-]. V 2K ,, (lw,,(l/
rt

----_" m= 1 9 ',=--_ PrX 2 acr :]{$", , }-¢'}+ , . .

Ii

y r,,0,,+ ] ....,,Ld: (._rrL}-X_')O,, _,,, ---Aa.32_,,l. .....

'd,I 1PI'{,

'Ozsin mrrzll',,{z)dzIg,,,,+{t _-

,_ :0, m #I+

L,1 lit = It

(38)
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In the steady healing case (_=l), E,._--K ....

At, the critical time, the first of equalions (35)
reduces to

o,,,(t_.) -,.,,, (/co) (:¢(I)

and tile second to

Y2, [(._ + x_)_'i + 2 I%, 1"_,,,,,1_,+= o,
/t

l--lc_, m-- 1,2,3, . . . (:+7)

For consistency, the determinant of the coefficients
IilllSt l)(, zero"

dot, ](n27F_ X'2)6:/++2I?a.E.,,,[--O (38)

This e<ltmtiotl detertnitms lhe relalhm lwtw<,etl

/?a. and the shape of the basic density lwo/ih , _ at

the critical tim(,. The rtlte of C[Ittllge <)f teml)l,ra-

tm'e has no effect ou the critical Rayleigh numlwr

other' than to aff(+ct the shape of the d<,nsity ('wry,

at the criti(+al time. Althotigh the tim<, scale
('ouhl have I)een chosen in a (lilrerlmt mamwr, it.

is noteworlhy that tilt, t)n,sent choi(:o, whi('h is

based on the nattn'al heating period of the thli<l

layer and does not involve tluitl visc.i)sily, gives a

Rayleigh numl)er that is indcpend(,nt of the vis-

(:()sit). Tints, the critical tGo+leigh mHnl)er may

I)e said to be in(h,pendellt of the ])ramltl tmml)(+r
of the tlui(I. Also, the rate of variation of the

body force G is not involve<t, but only its instan-
laneotls value G+_at the critical tim(, t,.

Equation (3St will ]mw, a ntmfl)l,r of roots l;a,

each one of which will (h, tt,rmim, with (37) an

itlfinile sequen('(, w_(t_,)/w_(l,,). With the alhli-

tioual <+on(liti<)tls (3(;) aud

<lug,, (I0,, .
_lt ..... dt =u, t=/,,

'rllelt

d -_
d/_(0,0) l--e-e',,

d
ili _(°'t_')='tJC_'"="-_'" <l

For any fixed valtte of fl, a (h'l'l'ease of re, io small

vahws yie]<ts l'lrge values of the r'tto of <hmsitv

dt+crl,ase at ttw lowor wall, and there arc deve]<ll)Od

density distrihuliotts-p(z,t++) wilh large gra(ti(+nls
at the lower wall and small vahms in the remainder

of the fluid. If _ is not large, then when t+: is
small, flt:_ is small, a n<l

(I _ 1 (I -_(o,t,,)
i(t p(t),0) ._--t: _dt

Thus, when l+, is small, small and mo(lerale vallws

of /3 haw, nit signiticant inflm,n(,_,. Wh(,n fiG, is

not small, the effect of an in('t'ease in _ is to in-

(wease the initial rate of density d(,crea'_<, at till'

lower wall, at ltn, expense of lilt, rate at the critical

time. Thus, large values of/3 yield (h,nsil v <listri-

1)uli<)ns 7)(:,t,,,) wit h more m,arly uniform gradients

than those for small wdut,s (if _. Ch,arly, ttw

limits/_ ++1),fl +co (,(irresl)ond rOSl)(,<qivt,ly to uni-
form t(,ml)erature rise at the lower wall and to

smhh,n heating of the h)wer wall, with the latter

lyl)e t emling to more nl,arly linear density distri-
t)mions.

Sohtti<)n of the heat equation with the assunled

lloundary and initial con<tit,ions yiolds;

(I --c-z'")'fi_(z,t)- 1+++-_t

_ e(),_ II'tr2 (¢_St__t_,3,r2+)+2_ 5_;+--- _
l

(140)

this is sulihdent h) tttfi(lm,ly ih,t(,rmine 1)v means

of (35) the seqtwnce of futwlions o_(t)/wl(G,),

O_(t)/o_l(t.) The sums (31) and (32) th(,n give
tile eigt, nft,t,qions w and 0 for each i,igenvahw
l?a_,.

NUMERICAL RESULTS

'l'o obtain numerical results, a (lefinite d(,nsily

schedule at the lower wall (_(0,t)) is require(l, such

that _(0,03--1, _((),t_,)--(). A siml>le fun<qiou

of this type is

p-_t_,-_ter

_(O,t) - _-e-_'+, (39)

Th(, functions lf,,,,, when,

' 1
(1--c ._t_,)/f,,,= II--e _t_0_ sin mrrz'V_+(lz

0

(4])

are listed in tal)lc l with W. fl)r m :1,2,,-:1, 2.

Solution of the determinant (38) yiehls vahws <)f

Ra+,, which are plotted in figure 2. Each point on

these curves is the minimum value of L'a+, from a
ctu've of ]?a+r as a l't£tt<'l,i()tt of X. 'l'htt: these are

critical Rayh,igh numtwrs for the most uttstabh,

cell shat)e. The cell-shape 1)aralnelel ' for nlininlunl
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FICURE 2. ('riticM liayleigh nuniber dcl)endem'e on

critical time and he'tting rata.

value of I:acr is ph)tted in figure 3, and values ave
tal)uhtted in faith, I[. The trends of lla_, with t,,

mtd 3 I)oth indicate that t hi, effect of a large density

gradient near lhe lower wall att(l a small grad|era
in the body of the tluid is to slal)ilize the lhfid.

Thus, if the lower wall hqnperature is being

rupidly in(q'eased, cellular motion is delayed until
Rayleigh ]ltlIllb(q'S, ]lu]ldre(ls of limes the vtdue

for very slow h(,ating, are reached. The trend

with 4ow temperature change rates (t_, large, m.l

3_0) is toward a wfiue of lht, 1715 (the value
that is cah'uhded with the second-order determi-

mint--the true value is 1707.8). Variation in cell

shape X is seen to be slight.

Figure 2 can t)e used in a l)ractical case where

it is i)ossil)h' to fit wt,ll the density sclt(.(It]l(,
_*(0,t*) at tit(, lower wall by a curve of the type

TJ*(0,0) --'_* (0, t) _ ( 1-- e at) A

"_*(0,0) - l_e__

The value of 3 may I)e determined by the (,hang('

of the slope (t_ /dr tit time t=t_ from t=0 _/s

(d;*x [a;*)
' k 5-/0

2

10 5 .

6

.o 4

E

_2
0)

g io4

,.3 6 .--

9

i

- %//.
-_ ///

.... _r _-
,r2 .... ': . _

_.2__L_-4

4

&IS 5.20 3.25 3.50 3.55

Cell-shape parameter, ),

i

IO3 .
3.1D 3.40 3.45

l:mtlm,: 3. V:triation of cell-shal)C I)aranwter with critical

l{ayleigh mm_ber.

The instantaneous value of the Rayh,igh llUlll|)t,r is

know_, at any lime [(7)*(O,O)/'_*(O,t)--l)G is sub-

stilvt(d for C_,A], so tirol

Ila./(l _._]lal/(/_ Iht_,/(;,.,
1--(! -_t l--e 3q l--e-_t.,

lllay |:e ('ul('uhm, d. Thus, the |tam'set'lion of tl_,

(ttlYV( _'

, f lla_ "'_ (;
,tt _.l.#___,1, / (I--¢ !-_') (]_

wilh t_c' curve on tigure 2 for lhe 1)rol)('r v,_lt_(, of fl
identilh, s lla_, and t_,.

SUMMARY OF RESULTS

For a layer of it,(xnnpressiblc fluid in a w_rying

body force field ti(,ated froni beh:tw so that the
densit c at, the lower Itoundary wu'ies with time

by a r4atively small amount, the following results

were tound for instability with respect to (_elluhu'
motto _:

1. 'The velocity resulting from the vertitml ex-

l)ansi(,n of the fluid (lot, s not affect ils stability.
2. The critical Rayleigh mmtbcr at which the

fluid passes through neutral stability is determined
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I)y the shape of tile density curve at the instant

of transition and is in(lepe.ndcnt of past history,

rate of change of the density profile, the Prandtl

number, and ra.te of change of 1)ody force field.

3. For a nontrivial class of density <listribtn ions,

the stationary condition on the slow-motion and

temperature perturbations yields a neutral sta-

bility condition for a nonos(,illatory motion that

passes from a stal)lc to an unstable condition at

minimum Rayhqgh ntmd_cr.

4. For rapid healing, the h)wcr botm(lary will

not benefit from internal, convective ]wat h'an_ft,r

until the temp(_ratt,'e has increased well beyond

that for a ttttinment of intt_rtml circulation for very

slow heating. The density differential was calcu-

lale(I as high as 600 limes the sta.lic valtw.

5. The shape (if the circulation ('ells for mini-

mum critira] Rayh,igh ,,taml)cr varies only slighlly

with heating rate.

6. The rate at which the dcnsit,y pert, urbation
increases after the critical time i_ imlcpenden! of

the l'ran(lll numb(w and of the rate (if rhattgc of

the gravitali(mal fichl. The velocity il,cr_as_,s at

a rate proportional to the in'(iduct of the t't'an(ltI

nund)er and the tale of growth of the gravita-

tional field. For a ('onstant body force tiehl, the

perturbation growth raic is zero al_ the (:riti(,d

time but grows as a result of a,hightw-or(hw time

(lcrivative that is l)roporlional to the product of

the I'ra,ndtl l,,mt)(w and the rate of growth of the

density pcrltu'l)ation.
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TABI,I,; I. I,IST OF FUN(:TI()NS IIEQUII/I':I) 1"()11 STABILITY(_ONI)ITI()N

,' |,,,:It::,,,_,--=[(2.,- l i:_-2+xfl_k_ .h x+×

• X " 1" (z -- 2)]-- sin' (2m-- l)rz )-'2 ( ,,,,,4,,2 )(z-2) _i,,hx

x2 ('-,,,,_ r .x. ' . . x)( ,, ( :_)] ). -.. e--('osll eo,_]l --sill 2_t_7r2

2 2 _ ,_FF s_x,.o_h., -I .__,_._,.
,. . /L(.i,,,,x+x)(,_+..,-=,J (,., 4,_,__)

(1-('tcr)"ll:=(/r2":)_//.,_:,,,_o_,,:_'_.a._, _,,,,_._,,. ,...
I.q_B/ 2/(N,,i,e- -e ]._ 2m t, 2m--IL \si,,hXdX/,_/,,_ 4,,,=,_-_ ,Llx'-t (2,,,-;.,)+l=-lx=+(2,,,-,)2_}=})J

lit = 1

, , • 2X "]

1 2 1 ,_t d e -- - /(l--e-a'o')l:ee
/ / ,) 2 " 2 )'_ _

L--_\ Sinh XZX-/LL 40;'_'2--_ )l[X2T4(m+l)2r'}"--[X"+4(m--l)"r_]_JJ
ill = i

r ] ¢e-f3t--( 3-_r2t . I (!-_t (, 9r2t

o 1-4 '_-_ +-/ :)_-_-_

" t47r -fiX')'/ 16rXsinn b-.-_ .... t ,2,,,,4.2-_r _..

k ,4,,iix-x Z___L-(2,,,--f.)_,,-_ JLiV+_,,_,_') '
ii I= 1

]
[X2-F4 (m _ 1)27r2]_J J

(1-- e -_' _)1¢=,, : _ .2_ ,, 2 )_

iX" d i (2 m -F- 1)%r2] _- IV { (2 m" 3)_r"] _ }

;,0,= [
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TAFH,E II.-- I)ARAMFTI'Et{S F()I{ NEITTRAL STAIHIJT¥

l

1). 025 12. 434
05 6. 0252
10 3. 4921.}
15 2. 7609
2 2. 4262
3 2. 1243
-! 1. 9912
5 1. !)185
75 1. 8300

1. l) 1, 7893
1.1
1. 25 1. 7693
1. 5O 1. 7517
I. 75 I. 7-119

2. 0
2.5
3. 0
3.5
4.0
(i. (}
8.(I

l O. (}

O. l
.3
.5
.7

3. 385
3. 331
3. 241
3, 196
3. 172
3. 150
3. 138
3. 131
3. 121
3. 118

3. ilr
3.116
3. 1 l i(

¢4 = _2/4

12. 55(.) 3. 385
4. 3854 3. 28
3. 145(.} 3. '2'2
'2. 66(.}8 _ 3. 19

• 9 2. '1270 3. 17
l

92. 657
34. 75 l
1 (.1. (.}95
13. 816

8. 5820
6. 3389
5. 112Ii

3. 6172

_. f5711
2. 5509
2. 31 l0
2. 15(15

2. 0385
l. 8(.)90

3. 315
3. 3,15
3. 380
3. 390
3. 375
3. 345
3. 315
3. 255

3. 5(}5
3. 19(/
3. 175
3. 160
3. 150
3. 1411

I

_o

146. 14
81. 37()
53. 7O7
30. 009
20. 052

14. 832
8. 8922
6. 3900

3. _12 m(fi. _}
3. 308 383. o4
a. at2 2} 1.81;
3. 324 131.t. I1
3. 358 76. 687
3. 382 511.12I
3. 394 36.013

i 3. 382 19.881
i 3. 354 13. '253

5. 0419
4. 2086
3. 6471i
3. 2-174
2. 7223
2. 4020
2. 1(.)34

2.0521
1. 80(H)

: 3. 324 9. 8258
3. 2(.)5 7. 7879
3. 269 6. 4573

5. 52!}7
3. '215- 4. 3364

3. 190 3. 6146
3. 174 3. 1401
3. 160 '2. 8103
3. 135 '2. 1539

1. (.1104
I

1. 8046

[

= (.Irre/4 _ ..... 257r:/4 ,

13. 080 3. 38 14. 245 3. 38

4. 8382 3. 29 6. 0293 ! 3 311
3. 633_ l 3. 2;'1 5. 0410 ' 3. 27
3. 2008 3. 21 4. 7946 3. 26

2. 9(.)93 3. 20 4. 7255 i 3. 255
! I

-- 3._15-
3. 291.t
3. 291
3. 313
3. 310
3. 332

3. 351

3. 389

3. 4111

--;-3._(.}8 1
3. 383

, 3. 36-I
3. 345
3. 310
3. 281)
3. 251)
3. 230
3. 175
3. 150
3. 140
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